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1. Introduction
Let E be a Banach space with dual space of E∗, and let C a nonempty closed convex subset E.
Let N ≥ 1 be a positive integer, and let Λ  {1, 2, . . . , N}. We denote by J the normalized





x∗ ∈ E∗ : 〈x, x∗〉  ‖x‖2  ‖x∗‖2, ∀x ∈ E
}
. 1.1
Amapping T : C → C is said to be nonexpansive if ‖Tx−Ty‖ ≤ ‖x−y‖, for all x, y ∈ C.
A mapping f : C → C is called k-contraction if there exists a constant k ∈ 0, 1 such that
∥∥fx − f(y)∥∥ ≤ k∥∥x − y∥∥, ∀x, y ∈ C. 1.2
In the last ten years, many papers have been written on the approximation of fixed point for
nonlinear mappings by using some iterative processes see, e.g.,1–20.
An operatorA : DA ⊂ E → E is said to be accretive if ‖x1−x2‖ ≤ ‖x1−x2	sy1−y2‖,
for all yi ∈ Axi, i  1, 2 and s > 0. If A is accretive and I is identity mapping, then we
define, for each r > 0, a nonexpansive single-valued mapping Jr : RI 	 rA → DA by
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Jr : I 	 rA
−1, which is called the resolvent ofA. we also know that for an accretive operator
A, NA  FixJr, where NA  {x ∈ E : 0 ∈ Ax} and FixJr  {x ∈ E : Jrx  x}. An
accretive operatorA is said to bem-accretive, ifRI	tA  E for all t > 0. If E is a Hilbert space,
then accretive operator is monotone operator. There are many papers throughout literature
dealing with the solution of 0 ∈ Ax x ∈ E by utilizing certain iterative sequence see 1–
3, 8–10, 13, 16, 20.
In 2005, Kim and Xu 10 introduced the following Halpern type iterative sequence
form-accretive operator A: Let C be a nonempty closed convex subset of E. For any u, x1 ∈ C, the
sequence {xn} is generated by
xn	1  αnu 	 1 − αnJrnxn, n ≥ 1, 1.3
where{αn} ⊂ 0, 1 and {rn} ⊂ ε,	∞, for some ε > 0, satisfy the following conditions:
C1 limn→∞αn  0,
C2
∑∞
n1 αn  	∞,
C3
∑∞
n1 |αn	1 − αn| < 	∞, and
C4
∑∞
n1 |1 − rn	1/rn| < 	∞.
They proved that the iterative sequence {xn} converges strongly to a zero of A.
Recently, Zegeye and Shahzad 20 proved a strong convergence theorem for a finite
family of accretive operators by using the Halpern type iteration: Let C be a nonempty closed
convex subset of E. For any u, x1 ∈ C, the sequence {xn} is generated by
xn	1  αnu 	 1 − αnSxn, n ≥ 1, 1.4
where S : a0I 	 a1JA1 	 · · · 	 aNJAN with JAi  I 	Ai−1, ai ∈ 0, 1, for i  0, 1, 2, . . . , N,∑N
i0 ai  1, and {αn} ⊂ 0, 1 satisfies the conditions: C1, C2, C3, or C3∗. limn→∞|αn	1 −
αn|/αn	1  0.
More recently, Hu and Liu 8 proposed a generalized Halpern type iteration: Let C be
a nonempty closed convex subset ofE. For any u, x1 ∈ C, the sequence {xn} is generated by
xn	1  αnu 	 βnxn 	 γnSrnxn, n ≥ 1, 1.5
where Srn : a0I 	 a1J
1
rn 	 · · · 	 aNJNrn with Jirn  I 	 rnAi−1, for i  1, 2, . . . , N, ai ∈ 0, 1
and
∑N
i0 ai  1. Assume {αn}, {βn}, {γn} ⊂ 0, 1, and {rn} ⊂ 0,	∞ satisfy the following
conditions: C1, C2,
0 < lim inf
n→∞
βn ≤ lim sup
n→∞
βn < 1, lim
n→∞
rn  r, for some r > 0, αn 	 βn 	 γn  1. 1.6
They proved that the sequence {xn} converges strongly to a common zero of {Ai : i ∈ Λ}.
In this paper, we introduce and study a new iterative sequence: Let C be a nonempty
closed convex subset of E and f : C → C a k-contraction. For any x1 ∈ C, the sequence {xn} is
defined by






αnfxn 	 1 − αnxn
)
, n ≥ 1, 1.7
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where Srn : a0I 	 a1J
1
rn 	 · · · 	 aNJNrn with Jirn  I 	 rnAi−1, for i  0, 1, 2, . . . , N, ai ∈
0, 1 and
∑N
i0 ai  1, {rn} ⊂ 0,	∞ and {αn}, {βn} ⊂ 0, 1. The iterative sequence 1.7 is
a natural generalization of all the above mentioned iterative sequences.
i In contrast to the iterations 1.3–1.5, the convex composition of the iteration 1.7
deals with only xn instead of u and xn.
ii If we take αn ≡ 0, for all n ≥ 1, in 1.7, then 1.7 reduces to Mann iteration. In 2000,
Kamimura and Takahashi 9 proved that if E is a Hilbert space and {βn} and {rn}
are chosen such that limn→∞βn  0,
∑∞
n1 βn  	∞ and limn→∞rn  	∞, then the
Mann iterative sequence,




Jrnxn, ∀n ≥ 1, 1.8
converges weakly to a zero of A. However, the Mann iteration scheme has only
weak convergence for nonexpansive mappings even in a Hilbert space see 4.
Our main purpose is to prove strong convergence theorems for a finite family of
accretive operators on a strictly convex Banach space with uniformly Gâteaux diﬀerentiable
norm by using viscosity approximation methods. Our theorems extend the comparable
results in the following three aspects.
1 In contrast to weak convergence results on a Hilbert Space in 9, strong
convergence of the iterative sequence is obtained in the general setup of a Banach
space.
2 The restrictions C3, C3∗, and C4 on the results in 10, 20 are dropped.
3 A single mapping of the results in 3 is replaced by a finite family of mappings.
2. Preliminaries and Lemmas
A Banach space E is said to have Gâteaux diﬀerentiable norm if the limit
lim
t→ 0
∥∥x 	 ty∥∥ − ‖x‖
t
2.1
exists for each x, y ∈ U, where U  {x ∈ E : ‖x‖  1}. The norm of E is uniformly Gâteaux
diﬀerentiable if for each y ∈ U, the limit is attained uniformly for x ∈ U. The norm of E
is uniformly Fre´chet diﬀerentiable E is also called uniformly smooth if the limit is attained
uniformly for each x, y ∈ U. It is well known that if E is uniformly Gâteaux diﬀerentiable
norm, then the duality mapping J is single-valued and norm-to-weak∗ uniformly continuous
on each bounded subset of E.
A Banach space E is called strictly convex if for i ∈ Λ, ai ∈ 0, 1, and
∑N
i1 ai  1, we
have ‖a1x1 	 a2x2 	 · · · 	 aNxN‖ < 1 for xi ∈ E, i ∈ Λ and xi /xj for i / j. In a strictly convex
Banach space E, we have that if ‖x1‖  ‖x2‖  · · ·  ‖xN‖  ‖a1x1 	 a2x2 	 · · · 	 aNxN‖, for
xi ∈ E, ai ∈ 0, 1, i ∈ Λ and
∑N
i1 ai  1, then x1  x2  · · ·  xN .
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We denote by N the set of all natural numbers, and let μ be a mean on N, that is, a continuous









for each f  b1, b2, . . . ∈ l∞. In general, we use LIMbn instead of μf. Let f  b1, b2, . . . ∈ l∞
with bn → b, and let μ be a Banach limit on N. Then μf  LIMbn  b. Further, we know the
following result.
Lemma 2.2 see 15, 16. Let C be a nonempty closed convex subset of a Banach space E with
uniformly Gâteaux diﬀerentiable norm. Assume that {xn} is a bounded sequence in C. Let z ∈ C,
and letLIM a Banach limit. Then LIM‖xn − z‖2  minx∈C LIM‖xn − x‖2 if and only if LIM〈x −
z, jxn − z〉 ≤ 0, for all x ∈ C.
Let C ⊆ E be a closed convex and, let Q a mapping of E onto C. Then Q is said to be
sunny 12, 13 if Qx 	 tx − Qx  Qx for all x ∈ E and t ≥ 0. A mapping Q of E onto C is
said to be retraction if Q2  Q; If a mapping Q is a retraction then Qx  x for any x ∈ RQ,
the range of Q. A subset C of E is said to be a sunny nonexpansive retraction of E if there exists
a sunny nonexpansive retraction of E onto C, and it is said to be a nonexpansive retraction of E
if there exists a nonexpansive retraction of E onto C. In a smooth Banach space E, it is known
5, Page 48 that Q : E → C is a sunny nonexpansive retraction if and only if the following
condition holds: 〈x −Qx, Jz −Qx〉 ≤ 0, x ∈ E and z ∈ C.
Lemma 2.3 see 14. Let {xn} and {yn} be bounded sequences in a Banach space E such that




yn, n ≥ 0, 2.4




∥∥ − ‖xn	1 − xn‖
) ≤ 0. 2.5
Then limn→∞‖yn − xn‖  0.
Lemma 2.4. Let E be a real Banach space. Then for all x, y in E and jx 	 y ∈ Jx 	 y, the
following inequality holds
∥∥x 	 y∥∥2 ≤ ‖x‖2 	 2〈y, j(x 	 y)〉. 2.6
Lemma 2.5 18. Let {an} is a sequence of nonnegative real number such that
an	1 ≤ 1 − δnan 	 δnξn, ∀n ≥ 0, 2.7
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where {δn} is a sequence in 0, 1 and {ξn} is a sequence in R satisfying the following conditions:
i
∑∞
n1 δn  	∞;
ii lim supn→∞ ξn ≤ 0 or
∑∞
n1 δn|ξn| < 	∞.
Then limn→∞an  0.
Lemma 2.6 see 8. Let C be a nonempty closed convex subset of a strictly convex Banach space
E. Suppose that {Ai : 1 ≤ i ≤ N} : C → E is a finite family of accretive operators such that⋂N
i1NAi/ ∅ and satisfies the range conditions:
cl DAi ⊆ C ⊂
⋂
r>0
RI 	 rAi, i  1, 2, . . . , N. 2.8
Let {ai : i ∈ {0} ∪ Λ} be real numbers in 0, 1 with
∑N
i0 ai  1 and Sr  a0I 	 a1J
1
r · · · 	 aNJNr ,
where Jir : I 	 rAi




For the sake of convenience, we list the assumptions to be used in this paper as follows.
i E is a strictly convex Banach space which has uniformly Gâteaux diﬀerentiable
norm, and C is a nonempty closed convex subset of E which has the fixed point
property for nonexpansive mappings.
ii The real sequence {αn} satisfies the conditions: C1. limn→∞αn  0 and C2.∑∞
n0 αn  	∞.
We will employ the viscosity approximation methods 11, 19 to obtain a strong
convergence theorem. The method of proof is closely related to 2, 3, 19.
Theorem 3.1. Let {Ai : i ∈ Λ} : C → E be a finite family of accretive operators satisfying the
following range conditions:
clDAi ⊆ C ⊂
⋂
r>0
RI 	 rAi, i  1, 2, . . . , N. 3.1
Assume that F :
⋂N
i1NAi/ ∅. Let f : C → C be a k-contraction with k ∈ 0, 1. For t ∈ 0, 1,
the net {xt} is generated by
xt  tfxt 	 1 − tSrtxt, I
where Srt : a0I 	 a1J
1
rt 	 · · · 	 aNJNrt with Jirt : I 	 rtAi−1, for i  0, 1, . . . ,N, ai ∈ 0, 1 and∑N
i0 ai  1. If limt→ 0 rt  r, then the net {xt} converges strongly to v ∈ F, as t → 0, where v is the
unique solution of a variational inequality:
〈
v − fv, J(v − p)〉 ≤ 0, ∀p ∈ F. VI
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Proof. PutWtx : tfx 	 1 − tSrtx, for all x ∈ C and t ∈ 0, 1. Then we have
∥∥Wtx −Wty
∥∥  ∥∥tfx 	 1 − tSrtx − tf
(
y
) − 1 − tSrty
∥∥
≤ t∥∥fx − f(y)∥∥ 	 1 − t∥∥Srtx − Srty
∥∥
≤ 1 − t1 − k∥∥x − y∥∥,
3.2
and so Wt is a contraction of C into itself. Hence, for each t ∈ 0, 1, there exists a unique
element xt ∈ C such that
xt  tfxt 	 1 − tSrtxt. 3.3
Thus the net {xt} is well defined.
Lemma 2.6 implies that F  FixSrt 
⋂N
i1NAi/ ∅. Taking p ∈ F, we have for any
t ∈ 0, 1
∥∥xt − p
∥∥ ≤ t∥∥fxt − p
∥∥ 	 1 − t∥∥Srtxt − p
∥∥
≤ tk∥∥xt − p







∥∥f(p) − p∥∥, 3.5
that is, the net {xt} is bounded, and so are {fxt} and {Srtxt}. Rewriting I to find
xt − fxt  −1 − t
t
xt − Srtxt, 3.6
and hence for any p ∈ F, it yields that
〈




 −1 − t
t
〈




 −1 − t
t
〈




≤ 0  Since I − Srt is monotone.
3.7
Obviously, estimate I yields
‖xt − Srtxt‖ ≤ t
∥∥fxt − Srtxt
∥∥
≤ t(1 	 k∥∥xt − p
∥∥ 	 ∥∥f(p) − p∥∥) −→ 0, as t −→ 0.
3.8
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∥∥∥ −→ 0, as t −→ 0.
3.10
Combining 3.8 and the above inequality, we obtain
‖xt − Srxt‖ −→ 0, as t −→ 0. 3.11
Assume tn → 0, as n → ∞. Set xn : xtn and define μ : C → R R is the set of all real
numbers by
μx  LIM‖xn − x‖2, x ∈ C, 3.12
where LIM is a Banach limit on l∞. Let
K 
{





It is easy to see that K is a nonempty closed convex and bounded subset of E and K is







∥∥2  LIM∥∥Srxn − Srq
∥∥2 ≤ LIM∥∥xn − q
∥∥2  μ(q), 3.14
and so Srq is an element of K. Since C has the fixed point property for nonexpansive
mappings, Sr has a fixed point v in K. Using Lemma 2.2, we have
LIM〈x − v, Jxn − v〉 ≤ 0, x ∈ C. 3.15
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Clearly
‖xt − v‖2  t
〈
fxt − v, Jxt − v
〉
	 1 − t〈Srtxt − v, Jxt − v〉




fv − v, Jxt − v
〉
	 1 − t‖xt − v‖2
≤ 1 − t1 − k‖xt − v‖2 	 t
〈




Consequently, by 3.15, we obtain
LIM‖xn − v‖2 ≤ LIM 11 − k
〈
fv − v, Jxt − v
〉 ≤ 0, 3.17
, that is,
LIM‖xn − v‖2  0, 3.18
and there exists a subsequence which is still denoted by {xn} such that xn → v.










≤ 0, v ∈ F. 3.19
Thus
〈
v − fv, Jv − v〉 ≤ 0, v ∈ F. 3.20
Interchange v and v to get
〈
v − fv, Jv − v〉 ≤ 0, v ∈ F. 3.21
Addition of 3.20 and 3.21 yields
〈
v − fv − v 	 fv, Jv − v〉 ≤ 0, 3.22
and so we have
‖v − v‖2 ≤ 〈fv − fv, Jv − v〉 ≤ k‖v − v‖2. 3.23
Since k ∈ 0, 1, it follows that v  v. Consequently xt → v as t → 0. Likewise, using 3.7, it
implies for all p ∈ F
〈
xt − fxt, J
(
xt − p
)〉 ≤ 0. 3.24
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Letting t → 0 yields
〈
v − fv, J(v − p)〉 ≤ 0, 3.25
for all p ∈ F.
Remark 3.2. In addition, if E is a uniformly smooth Banach space in Theorem 3.1 and we
define Qf : limt→ 0 xt, then we obtain from Theorem 3.1 and 19, Theorem4.1 that the
net {xt} converges strongly to v ∈ F, as t → 0, where v  QFfv and QF is a sunny
nonexpansive retraction of C onto F.
Theorem 3.3. Let {Ai : i ∈ Λ} : C → E be a finite family of accretive operators satisfying the
following range conditions:
clDAi ⊆ C ⊂
⋂
r>0
RI 	 rAi, i  1, 2, . . . , N. 3.26
Assume that F :
⋂N
i1NAi/ ∅. Let f : C → C be a k-contraction with k ∈ 0, 1. For any x1 ∈ C,
the sequence {xn} is generated by 1.7. Suppose further that sequences in the iterative sequence 1.7
satisfy the conditions:
0 < lim inf
n→∞
βn ≤ lim sup
n→∞
βn < 1, limn→∞rn  r, r > 0. 3.27
Then the sequence {xn} converges strongly to v ∈ F, where v is the unique solution of a variational
inequality V I.
Proof. Lemma 2.6 implies that F  FixSrn 
⋂N
i1NAi/ ∅. Rewrite 1.7 as follows:






yn  αnfxn 	 1 − αnxn, ∀n ≥ 1. 3.29
































∥∥ 	 (1 − βn
)
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Therefore, the sequence {xn} is bounded, and so are the sequences {fxn}, {Srnxn}, {yn},




∥∥ 	 1 − αn	1‖xn	1 − xn‖
	 |αn	1 − αn|
∥∥fxn − xn
∥∥















































∥∥∥, i ∈ Λ
}
. 3.33




























































∥∥ − ‖xn	1 − xn‖
) ≤ 0. 3.35




∥∥  0. 3.36
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∥∥ −→ 0, 3.37




∥∥  0. 3.38












































∥∥ ≤ ∥∥yn − Srnyn
∥∥ 	 ∥∥Srnyn − Sryn
∥∥ −→ 0, n −→ ∞. 3.40
It follows from Theorem 3.1 that {xt} generated by xt  tfxt 	 1 − tSrxt converges
strongly to v ∈ F, as t → 0, where v is the unique solution of a variational inequality VI.
Furthermore,









In view of Lemma 2.4, we find
∥∥xt − yn
∥∥2 ≤ 1 − t2∥∥Srxt − yn






1 − 2t 	 t2
)(∥∥Srxt − Sryn
∥∥ 	 ∥∥Sryn − yn
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and hence
〈















∥∥ 	 ∥∥yn − Sryn
∥∥).
3.43











whereM2  supn≥1,t∈0,1{‖xt − yn‖2}. We also know that
〈
















fv − v, j(yn − v




From the facts that xt → v ∈ F, as t → 0, {yn} is bounded and the duality mapping J is
norm-to-weak∗ uniformly continuous on bounded subset of E, it follows that
〈
fv − v, j(yn − v
) − J(yn − xt
)〉 −→ 0, as t −→ 0,
〈
fv − fxt 	 xt − v, J
(
yn − xt
)〉 −→ 0, as t −→ 0.
3.46




fv − v, J(yn − v
)〉 ≤ 0. 3.47
Similarly, from 3.29 and the duality mapping J is norm-to-weak∗ uniformly continuous on
bounded subset of E, it follows that
lim
n→∞
∣∣〈fxn − fv, J
(
yn − v
) − Jxn − v
〉∣∣  0. 3.48
Write
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and apply Lemma 2.4 to find





≤ βn‖xn − v‖2 	
(
1 − βn
)∥∥αnfxn − v 	 1 − αnxn − v
∥∥2


































αn〈fxn − fv, J
(
yn − v
) − Jxn − v〉
≤ [1 − 2(1 − βn
)
1 − kαn





× [αn‖xn − v‖ 	
∣∣〈fxn − fv, J
(
yn − v
) − Jxn − v〉
∣∣
	〈fv − v, J(yn − v
)〉]








ξn  αn‖xn − v‖ 	
∣∣〈fxn − fv, J
(
yn − v
) − Jxn − v〉
∣∣ 	 〈fv − v, J(yn − v
)〉.
3.51
From 3.47, 3.48, C1, C2, and 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1, it follows
that
∑∞
n1 δn  	∞ and lim supn→∞ξn ≤ 0. Consequently applying Lemma 2.5 to 3.50, we
conclude that limn→∞‖xn − v‖  0.
If we take fx ≡ u, for all x ∈ C, in the iteration 1.7, then, from Theorem 3.3, we
have what follows
Corollary 3.4. Let {Ai : i ∈ Λ}, {αn}, {βn}, and {rn} be as in Theorem 3.3. For any u, x1 ∈ C, the
sequence {xn} is generated by




Srnαnu 	 1 − αnxn, n ≥ 1, 3.52
where Srn : a0I 	 a1J
1
rn 	 · · · 	 aNJNrn with Jirn  I 	 rnAi−1, for i  0, 1, 2, . . . , N, ai ∈ 0, 1
and
∑N
i0 ai  1. Then the sequence {xn} converges strongly to v ∈ F.
Remark 3.5. Theorem 3.3 and Corollary 3.4 prove strong convergence results of the new
iterative sequences which are diﬀerent from the iterative sequences 1.4 and 1.5. In contrast
to 20, the restriction: C3.
∑∞
n1 |αn	1 − αn| < 	∞ or C3∗ limn→∞|αn	1 − αn|/αn	1  0 is
removed.
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If we consider the case of an accretive operator A, then as a direct consequence of
Theorem 3.1 and Theorem 3.3, we have the following corollaries.
Corollary 3.6 3, Theorem3.1. Let A : C → E (not strictly convex) be an accretive operator
satisfying the following range condition:
clDA ⊆ C ⊂
⋂
r>0
RI 	 rA. 3.53
Assume that F : NA/ ∅. Let f : C → C be a k-contraction with k ∈ 0, 1. For t ∈ 0, 1, the
net {xt} is given by:
xt  tfxt 	 1 − tJrtxt, 3.54
where Jrt : I 	 rtA
−1. If inft∈0,1rt ≥ ε, for some ε > 0, then {xt} converges strongly to v ∈ F, as
t → 0, where v is the unique solution of a variational inequality:
〈
v − fv, J(v − p)〉 ≤ 0, ∀p ∈ F. VI′
Corollary 3.7. Let A : C → E (not strictly convex) be an accretive operator satisfying the following
range condition:
clDA ⊆ C ⊂
⋂
r>0
RI 	 rA. 3.55
Assume that F : NA/ ∅. Let f : C → C be a k-contraction with k ∈ 0, 1. Suppose that
{αn} and {βn} are real sequences in 0, 1 and {rn} is a sequence in R	, satisfying the conditions:
0 < lim infn→∞βn ≤ lim supn→∞βn < 1 and infn≥1rn ≥ ε, for some ε > 0. For any x1 ∈ C, the
sequence {xn} is generated by






αnfxn 	 1 − αnxn
)
, n ≥ 1, 3.56
where Jrn  I 	 rnA
−1. Then the sequence {xn} converges strongly to v ∈ F, where v is the unique
solution of a variational inequality VI′.
Remark 3.8.
i Corollary 3.7 describes strong convergence result in Banach spaces for a modifica-
tion of Mann iteration scheme in contrast to the weak convergence result on Hilbert
spaces given in 9, Theorem3.
ii In contrast to the result 10, Theorem4.2, the iterative sequence in Corollary 3.7
is diﬀerent from the iteration 1.3, and the conditions
∑∞
n1 |αn	1 − αn| < 	∞ and∑∞
n1 |1 − rn−1/rn| < 	∞ are not required.
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